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Abstract. We find two bases for the lattices of the SU (2)-TQFT-theory mod- 
ules of the torus over given rings of integers. We use variant of the bases defined 
in |GMW| for the lattices of the S'0(3)-TQFT-theory modules of the torus. 
Moreover, we discuss the quantization functors (V p , Z p ) for p = 1, and p = 2. 
Then we give concrete bases for the lattices of the modules in the 2-theory. 
We use the above results to discuss the ideal invariant defined in IFKI . The 
ideal can be computed for all the 3-manifolds using the 2-theory, and for all 
3-manifolds with torus boundary using the SU(2)— TQFT-theory. In fact, we 
show that this ideal in the SU(2)— TQFT-theory is contained in the product 
of the ideals in the 2-theory and the SO(3)— TQFT-theory under a certain 
change of coefficients, and it is equal in the case of a torus boundary. 



Introduction 

We let p denote an odd prime or twice an odd prime unless mentioned otherwise. 
Also, we let £ denote a surface of genus g. Gilmer defined an integral TQFT-functor 
S p in |G1| based on the integrality results of the SO(3)- and S'(7(2)-invariants 
in |MRI IM) . This is a functor that associates to a closed surface S, a module <S P (£) 
over a certain cyclotomic ring of integers O p . Moreover, Gilmer showed that these 
modules are free in the case of p is an odd prime. Gilmer and Masbaum constructed 
basis for S p (£) and gave an independent proof of freeness in this case. In addition, 
Gilmer showed that these modules are projective where p is twice an odd prime. 
In this paper, we prove that the modules Sp^S 1 x S 1 ) are free by constructing two 
explicit bases in the case that p is twice an odd prime. In the 2-theory, we prove also 
that the modules S2 (£) are free by constructing an explicit basis for any surface. 

Frohman and Kania-Bartoszynska in |FK| defined an ideal invariant of 3-manifolds 
with boundary using the SU (2)-TQFT-theory that is hard to compute. In fact, they 
make use of another ideal that they defined to give an estimate for this ideal. How- 
ever, Gilmer and Masbaum in |GM| computed an analogous ideal invariant using 
the SO(3)— TQFT-theory for 3-manifolds that are obtained by doing surgery along 
a knot in the complement of another knot. The computations depend entirely on 
the fact that bases are constructed for the integral lattices of the S f O(3)-TQFT- 
theory modules GMW, GM of the torus. Also, Gilmer and Masbaum gave a finite 
set of generators for this ideal in general. Based on our results in this paper, we 
compute this ideal for the above 3-manifolds with torus boundary using the SU (2)- 
TQFT-theory. Also, we introduce a formula to give an estimate for the ideal using 
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the S , ?7(2)-TQFT-theory in terms of the ideals using the 2- and SO(3)-TQFT- 
theories. In fact, the same formula can be used to compute this ideal using the 
5[/(2)-TQFT-theory for the all the above 3-manifolds with torus boundary. 

In §1, we describe the SO(3)- and 5'[/(2)-TQFT-functors using the approach 
of BHMV3 over a variant ring depending on p. We review the integral TQFT- 
functors in §2 that Gilmer defined in |G1| . The first bases for the lattices of the 
S'[/(2)-TQFT-modules are given in §3. We review the Frohman Kania-Bartoszynska 
ideal in §4, and then we draw some conclusions based on the results of the previ- 
ous section regarding this ideal. The quantization functors for p = 1 and p = 2 
are discussed in §5, again following BHMV3 . Also in this section, we give basis 
for £2(2), and then draw some conclusions regarding the Frohman and Kania- 
Bartoszynska ideal for this theory. We reformulate some results given in BHMV3 
in §6 to serve our need. Finally, we give another bases for the lattices of the SU (2)- 
TQFT-modules in §7. The advantage of this one over the first basis is that it allows 
us to prove Theorem (|7.9|l . 

1. The 50(3)- and S77(2)-TQFTs 

We consider the (2+l)-dimensional TQFT constructed as the main example 
of BHMV3, P. 456] with some modifications. In particular, we use the cobordism 
category C discussed in [Gil |GQ| where the 3-manifolds have banded links but 
surfaces do not have colored points. Hence the objects are oriented surfaces with 
extra structure (Lagrangian subspaces of their first real homology). The cobordisms 
are equivalence classes of compact oriented 3-manifolds with extra structure (an 
integer weight) with banded links sitting inside of them. Two cobordisms with 
the same weight are said to be equivalent if there is an orientation preserving 
diffeomorphism that fixes the boundary. 

Let 

fzLVi], ifp= -1 (mod 4); 
P |Z[a p ,±], ifp=lor2 (mod 4). 

Here and elsewhere A p , a p are (,2p and respectively for p > 3. 

Now, we consider the TQFT- functor (V p , Z p ) from C to the category of finitely 
generated projective fc p ~modules. The functor (V p ,Z p ) is defined as follows. V P (T,) 
is a quotient of the fc p -module generated by all cobordisms with boundary E, and 
Z p (M) is the fc p -linear map from V P (T,) to V P (E ) (where dM = — £ ]J £ ) induced 
by gluing representatives of elements of V p (Yj) to M along S via the identification 
map of the first component of the boundary. 

If M is a closed cobordism, then Z p [M] is the multiplication by the scalar (M) p 
defined in BHMV3, §.2]. This invariant is normalized in two other ways. The 
first normalization of this invariant is I P {M) = V p (M\,) p . Here and elsewhere M\, 
is the 3-manifold M with a reassigned weight zero, and T> p = (S^)' 1 . The second 

normalization is 6 P (M) = V^ l(M) (M b ) p , i.e 6 P (M) = Vp il(M) I P (M). 

If dM = S and M is considered as a cobordism from to S, then Z p (M)(l) e 
Vp(E) is denoted by [M] p and called a vacuum state and it is connected if M is 
connected. Finally, note that V p is generated over k p by all vacuum states. 

The modules V p (T,) are free modules over k pi and carry a nonsingular Hermitian 
bilinear form 

( , ) s : V P (E) x V P (E) -> kp, 
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given by 

(1.1) ([Mi], [M 2 ]) s = (Mi U S -M 2 ) p . 

Here -M is the cobordism M with the orientation reversed and multiplying the 
integer weight by -1, and leaving the Lagrangian subspace on the boundary the 
same. 

Let dp = f 2 ^-], it is known that d p is the dimension of V P {S 1 x S 1 ). One has 
that V P (S 1 x S 1 ) = k p [z]/I where the ideal I is generated by ed p — e<i p -i in the 
case of p is an odd prime and by e<j in the case of p is twice an odd prime (See 
| BMMVl | for more details). Thus indeed, V P (S 1 x S 1 ) has a basis {eo, . . . , ed p ~i} 
of rank d p . 

2. The Integral Cobordism Functor 

Let C be the subcategory of C consisting of the nonempty connected surfaces 
and connected cobordisms between them. Let O p be the ring of integers of the ring 
k p defined before. The ring of integers is given by 

Q = {l[A p ], ifp= -1 (mod 4); 

P [Z[a p ], ifp=lor2 (mod 4). 

Thus the ring of integers of k p is a Dedekind domain. 

Definition 2.1. For the surface £, we define <Sp(£) to be the O p -submodule of 
lp(£) generated by all connected vacuum states. 

If M : £ -> £' is a cobordism of C, then Z p (M)([N] p ) = [M U E -N] p € 5 P (E'). 
Hence we obtain a functor from C to the category of O p -modules. These modules 
are projective as they are finitely generated torsion-free over Dedekind domains 
\G1\ Thm. 2.5]. Also, these modules carry an O p -Hermitian bilinear form 

( , ) s : 5 P (E) x 5 P (S) -» O p , 

given by 

(2.1) ([Mi], [M 2 ]) s = 2?,([Mi], [M 2 ]) = P p (Mi U s -M 2 ) p , 

The value of this form always lies in O p by the integrality results for closed 
3-manifolds in [MTilfM]. 

If R C iSp(E) is an O p — submodule define 

R* = {ve Vp(E)\(r,v)-£ e O p ,Vr e R}, 

then we can conclude 

(2.2) i?C5 p (E) C5*(E) CRK 

Definition 2.2. A Hermitian bilinear form on a projective module over a Dedekind 
domain is called non- degenerate if the adjoint map is injective, and unimodular if 
the adjoint map is an isomorphism. 

For our use, if the matrix of the form has a nonzero (unit) determinant, then the 
form will be non-degenerate (unimodular) respectively. Note that the determinant 
of the form (|2.1|l is nonzero from the fact that the form is non-degenerate. 

Hence the form (|2.1|l is non-degenerate. In fact, we prove that the form (|2.1(l is 
unimodular for the 2-theory (discussed in §5) for all surfaces and for S 1 x S 1 in the 
case of p is twice an odd prime. 
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A standard basis {u a } for Vp(E) is given (sec BHMV3 ) in terms of p-admissible 
colorings a of the spine of a handlebody of genus g whose boundary is E where the 
set of colors is {0,1,2, ... ,d p — 1}, and the sum of the colors at a 3- vertex even and 
less than 2d p in the case that p is twice an odd prime. 

All of the above elements u a lie in <S P (E) when p is twice an odd prime. This 
follows from the fact that the quantum integers (denominators of the Jones- Wenzel 
idempotents) are units in O p (see Corollary 16.4(1 . An admissible colored trivalent 
graph BHMV3 is to be interpreted, here and elsewhere, as an O p -linear combina- 
tion of links. 

We say a ~ b in O p if a/b is a unit in O p . The following proposition is an 
elementary fact from number theory that gives us a family of units in the ring O p . 

Proposition 2.3 ( W ). Suppose n has at least two distinct prime factors. Then 
1 — Cn i s a unit in Z[£ n ]. 

We make use of the following lemma in giving the first basis for S P (S 1 x S 1 ) in 
§3 whose proof will be in §6. 

Lemma 2.4. 

{(1 — Ap) £ 2 _ , if p is an odd prime; 

v 2(1 + ctp) 2 , if p is twice an odd prime. 

Proposition 2.5. The elements {u a } are orthogonal with respect to the form \2.1\l . 
Moreover, we have 

(2.3) 

Proof. If we use Theorem (4.11) in BHMV3 , and the facts 

(S\ = V;\ jb- fie =l- 9 . 

We obtain the result from knowing that all the quantum integers are units over 
O r ( \GMW[ Lem. 4.1], CorollaryJOJ), and using the definition of ( , ) s . 

□ 



Definition 2.6. Let [i] p denote 




. This is called the i-th quantum integer. 



We can describe the modules <5>p(E) in terms of 'mixed graph' notation in a fixed 
connected 3-manifold M whose boundary is S. By a mixed graph, we mean a 
p-admissibly trivalent graph whose simple closed curves may be colored lo p or an 
integer from the set {0, 1, ... ,p — 2} where 

i=0 

Using the surgery axiom (S2) in |BHMV3] , we can choose this fixed 3-manifold 
to be a handlebody whose boundary is E. Thus we have 

Proposition 2.7. A mixed graph in a connected 3-manifold with boundary E rep- 
resents an element in 5 P (E). Moreover, 5 P (E) is generated over O p by all the 
elements given by a mixed graph in a fixed handlebody whose boundary is E with 
the same genus. 
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Proof. The first statement follows from that fact that V p satisfies the second surgery 
axiom. The second statement follows from the fact that every 3-manifold with 
boundary E is obtained by a sequence of 2-surgeries to a handlebody of the same 
boundary and the definition of <S p (S). □ 

3. The first basis for ^(S* 1 x S 1 ) 

In this section, we assume r is an odd prime and p = 2r. We give a standard 
basis for S P (S 1 x S 1 ). We need the following lemma before we state our basis. 

Definition 3.1. Let /i, be the eigenvalue for the eigenvector ej of the twist map 
on the Kauffman skein module of the solid torus. It is known in BHMV1 that 

m = (-i)M^+ 2 ). 

Lemma 3.2. For i =/= j, we have fii — fij is equivalent to one of the following three 
cases up to a unit in O p . 

(1) lifi^j (mod 2) and (j - + j + 2)^0 (mod r). 

(2) y/2ifi^j (mod 2) and (j - + j +2) = (mod r). 

(3) l + a*ifi=j (mod 2). 

Proof. Without loss of generality we can assume 0<i<j<d p — 1. We have 
Mi - ft = (-l) i af+ 2 )-(-l)^f+ 2 ) 

Now we have three cases: 

(1) The hypothesis implies, 

Mi _ M .~i-(_ a 2(;-<)(i+^)) 

is a unit by Proposition l|2.3|) . as — a p ^ J ^ l+J+2 ^ has order divisible by two 
distinct primes. 

(2) The hypothesis implies, 

fli — fij ~ 1 ± t V2. 

(3) Finally the hypothesis implies that for some k < r — 1, 
Ml - M ^l-< = (l-a«)(l + a 8 + ... + «^ 1 ))^(l-^ )( i + a 4 ) ^ (1 + a 4 ) ^ 

As (1 + al + ■ ■ ■ + a 8 p {k ~ 1} ), and (1 - a*) are units by |MH Lem 3.1(h)], 
and Proposition l|2.3|l respectively. 

□ 

Proposition 3.3. The number of pairs (i,j) with 0<i<j<r — 2 such that, 

(1) The second case of the above lemma holds is (^-j^-)- 

(2) The third case of the above lemma holds is ( I -^-)( 2 -^). 

Proof. To prove the first part, we look at all pairs (i, j) with (j — i)(i + j + 2) = 
(mod r) which automatically will satisfy i ^ j (mod 2). This implies that i+j+2 — 
r. So we have (^-^-!-)-pairs of such (i, j). Hence the first part follows. Now for every 
< i < r — 4, there are (|~ r ~^~ t ] )-j's such that i = j (mod 2). Hence, we have 
2(1 + 2 + . . . + 2 -=^)-pairs of such (i, j). Hence the second part follows. □ 
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Theorem 3.4. Let B p — {t l (u; p ) | < i < d p — 1}. Then B p is a basis for 
SpiS 1 x S 1 ). 

Proof. We have 

v{u> p )=v- 1 + 

Let W be the matrix which expresses B p in terms of {eo,ei, . . . ,ed p -i}. The 
determinant of W is a unit (product of ( — + 1], see Corollary 1)6. 4[l ) times V p dp 
times the determinant of the Vandermonde matrix \p,j], where < i, j < d p — 1 = 
r — 2. By the previous lemma 

det[^] = ± ;Q(^ - H) ~ ^^(l + o£)< WW 
As D p - >/2(l + we conclude 

(3.1) detM^- (v / 2)-(^)(l + a 4)-(^ i )(^). 

Let W denote the O p -submodule of ^(S* 1 x S 1 ) generated by B p . From the fact 
that the determinant of W is non-zero, we conclude that B p is linearly independent. 
Now by Proposition l|2.5|l . we know (e^, e,) ~ D p . Therefore the determinant of the 
form (|2.1|l with respect to this orthogonal basis is (-\/2(i + ap)( I "2^))( r-1 ). By 
equation (|3.1() and the fact \ + a^^l + ap = \ + a~ 4 , the determinant of the 
form H2.1f) with respect to B p is a unit. We can conclude that the form on W is 
unimodular. Hence W = W" and so the set S p forms a basis for S P (S 1 x S" 1 ) by 
equation l|2.2|l . □ 

Remark 3.5. This theorem and its proof are analogous to jGMWI Thm. 6.1] and 
its proof. 

Corollary 3.6. S P (T,) is generated by 3-manifolds (with no banded links) with 
boundary S. 

Proof. We expand the graph in every element in the Proposition l|2.7l) in terms of 
linear combinations of banded links (with some simple curves are colored oj p ). Then 
we replace any link component (that is not colored u> p ) by a linear combination from 
the set {t % {bjp)\ < i < d p — 1}. Hence the result follows by doing the required 
surgery on all the components of the link in every summand. □ 

Remark 3.7. The above result is true if we replace p by an odd prime as a corollary 
of $MM Thm. 6.1]. 

4. THE FROHMAN KANIA-BARTOSZYNSKA IDEAL 

We can apply the results from the previous section to compute the Frohman 
Kania-Bartoszynska ideal using the S'C/(2)-theory for special family of 3-manifolds 
with torus boundary. Before we do so, we review this ideal. 

Definition 4.1. f |FK| ') Let N be a 3-manifold with boundary, we define J P {N) to 
be the ideal generated over O p by 

{I p (M)\ where M is a closed connected 3-manifold containing N}. 
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The importance of this ideal is in being an invariant of 3-manifolds (with bound- 
ary) and an obstruction to embedding as stated in the following propositions. 

Proposition 4.2. (TfQ,) The ideal J p is an invariant of oriented 3-manifolds with 
boundary. 

Proposition 4.3. (" jFKj ) If Ni, N% are an oriented compact 3-manifolds, and Ni 
embeds in N 2 , then J P (N 2 ) C J p (Ni). 

Remark 4.4. Frohman and Kania-Bartoszynska defined this ideal using the SU (2)- 
TQFT-theory. Afterwards, Gilmer defined this ideal using the SO(3)-TQFT- 
thcory and the 2-theory. 

In general, it is not easy to compute this ideal because we have infinitely many 
closed connected 3-manifolds that contains N. Following his work with Masbaum 
in the case p an odd prime, Gilmer observed that J P {N) is finitely generated based 
on his result that <S P (E) is finitely generated in the case p twice an odd prime as 
well. We give a finite set of generators for this ideal for any oriented compact 3- 
manifold using the SU(2)— TQFT-theory which can be obtained by the following 
construction. 

Definition 4.5. Assume L is an ordered link of two components K, J. Let Nl be 
the manifold obtained by doing surgery in S 3 along K in the complement of J. 

Proposition 4.6. 

J P {N L ) = (I p (M t )\ 0<i<d p -l), 

where Mi is the 3-manifold obtained by doing surgery along the component K and 
the component J with framing i in S 3 . 

Proof. If p is an odd prime this was proved in |GM| . With the help of Theorem 
(|3.4(l , the case p twice an odd prime follows in the same way. □ 

5. The Quantization Functors For p = 1, and 2 

In order to understand the relation between J r and J 2r when r is an odd prime. 
We consider the theories associated to p — 1 and p = 2. 

We begin by reviewing the quantization functor for p = 1 in detail. We start 
by listing the ring k\ = Z, and the surgery element f2i = uji = 1 for this theory 
defined in | BHMV1| . We also have ki=T> 1 =6 1 = 1. One has h{M) = (M) 1 = 
9i(M) = (— 2)" fc where jj/c is the number of components of the banded link in a 
closed 3-manifold M. Then (by BHMV3 , Prop. 1.1]) there exits a unique cobordism 
generated quantization functor (Vi,Zi) that extends this invariant. In fact, this 
quantization functor can be described explicitly for surfaces as follows. Vi(Y<) is 
the quotient of the Z-module generated by all 3-manifolds (with banded links) with 
boundary E by the radical of the following form 

(, ) E :M£) xV^EJ-Z, 

given by 

([Mi], [Af 2 ]) E = (Mi U E -M 2 )i. 
This module is isomorphic to Z with any handlebody whose boundary is E as a 
generator. Hence if M : E -> E', then Zi(M) : Vi(E) -> Vi(E') is the just the 
multiplication by (— 2)' fe . 
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Now we consider the quantization functor for p = 2. We start by introducing 
the ring and its ring of integers used in this theory 

k 2 = Z[a 2 , -] and 2 = Z[a 2 ]. 

The surgery element for this theory is uj 2 — "^75^2 where Vt 2 = 1 + | defined 

in BHMV1 . One has V 2 = \/2, and n 2 = Cs- Therefore the invariant of a closed 
connected 3-manifold M , which is obtained by doing surgery on S 3 along the link 
L, in terms of lj 2 is given by 

(5.1) {M) 2 — —=k 2 ^ < L{uj 2 ) >, where < > denotes the Kauffman bracket. 

v 2 

From this formula, we can easily verify that 

(5.2) {M4M 2 ) 2 = V2(M 1 ) 2 (M 2 )2. 

Now this invariant (M) 2 defined in BHMV3, §2] is involutive and extended to 
be multiplicative, hence (by |BHMV3l Prop. 1.1]) there exits a unique cobordism 
generated quantization functor that extends (M) 2 which is denoted by (V 2 ,Z 2 ). 
The modules V 2 (£) carry a Hermitian bilinear form defined as follows. 

( , ) s : V 2 (£) x V 2 (S) -» fc 2 , 

given by 

([Afi],[M 2 ]) s = (Mi Uu -M 2 )a. 
By |BHMV31 1.5 and 6.3], V 2 (S X x S 1 ) is generated by two elements each of 
which is a solid torus where the core is colored either or 1. The pairing in terms 
of this basis is given by 

(l,l)s^s^(S 1 xS 2 ) 2 = l. 

(1, *> slxS i = ((S 1 x S 2 , z)) 2 = -L < H >= i[2 + (-2)] = = <M) s x xS x. 

Here iJ is the Hopf link with one of the components is colored lj 2 . Finally, 

{z,z)&x& = ((S 1 x S 2 ,zUz)) 2 = <K>= i[4 + 4] =4. 

Here if is the 3-chain link where the middle chain is colored u> 2 . 

Hence the matrix of the form ( , )gi xS i in terms of this basis is given by 
1 
4 

If we restrict this theory to the category of nonempty connected objects and 
connected cobordisms between them, then we have an integral cobordism theory 
as before. This follows from the fact ( ) 2 is integral as stated in the proof of jMKI 
Thm. 1.1] . 

Definition 5.1. We define <S 2 (£) to be the C 2 -submodule of V 2 (E) generated by 
all connected vacuum states, and we define an C 2 -Hermitian bilinear form on 5 2 (S) 
given by ( , ) E = y/2{ , ) S - 

Remark 5.2. One could similarly define 5 2 (S) based on the invariant ( ) 2 defined 
in |BHMV31 §. l.B]. In this case, the basis {l,z} for V^S 1 x S 1 ) over k 2 is also 
a basis for S^S 1 x S 1 ) over 2 . However, this theory is not useful for us in this 
paper. 
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The above basis for V^S* 1 x S 1 ) does not generate S2{S 1 x S 1 ). The following 
theorem gives a basis. 

Theorem 5.3. Assume that t is the twist map defined in |BHMV1| , and B = 

{u)2,t(u>2)}- Then B is a basis for S^S 1 x S l ), and the form is unimodular on 
Sz^S 1 x S ). Moreover, the matrix of the form defined in the previous definition in 
( V2 

terms of B is given by 

Proof. Let u>2 and t(u>2) stands for the elements in the Kauffman skein module of the 
solid torus where the core is colored L02 and t{uj%) respectively. From the definition 
we know that these two elements lie in ^(S 1 x S 1 ), hence W = Span^ B C 

S2(S 1 x S* 1 ). The matrix of the form ( , )s^ x s 1 is given by ( ^ ^, and 

/ 1 1 \ 

since the matrix of B in terms of {1, z} is given by 2 Y^ ) • Then the matrix 




B of the form in terms of B is given by 



( f 


2V2 j 




^ 


V 75 


2V2 / 




4V2 J 



\ V2 2V5 / 

73 75 ) = f £j s y 

So the form restricted on W has a unit determinant. Hence W = W". Using 
equation l|2.2|l . we get that W is all of ^(S* 1 x S 1 ). In conclusion, {w 2 ,t(w2)} is a 
basis for S^S 1 xS 1 ). " □ 

Definition 5.4. Let fl,- l i 2 ...t be the boundary connected sum of 5 solid tori where 
the core of the m-th torus is colored i m = or 1. Also, let 

B = {H ili2 ... ig \ ■ ■■ ,i g ) is a g-tuple over {0, 1}}. 

This set B is an orthogonal basis for V2 (S), and the pairing is described as 
follows: 

Proposition 5.5. The above set B forms an orthogonal basis with respect to the 
form (1)2 given by 

(H ili2 ... ig ,H ili2 .. Ag ) i: = 4 k (V2) 9 - 1 , 
where k — i\ + «2 + • • • + ig- 

Proof. By BHMV3 1.5, and 6.3] B is a basis. The result now follows from equation 
1)5. 2[l . and the computations for V^S* 1 x S 1 ) after that equation. □ 

We can describe S2 (£) as the 02-submodule of V2 (S) generated by all 3-manifolds 
with boundary £ and links sitting inside of them. As z — 2\/2w2 — 2, one has a 
similar result to Corollary (|3.ti[) for this theory. 

Definition 5.6. Let H iii2 i be the boundary connected sum of g solid tori where 
the core of the m-th torus is colored t %m (u>2) for i m — 0, or 1. 
Also, let 

B ' = { H ii 2 ...i g \ (M2, •••,%) is a g-tuple over {0,1}}. 
Theorem 5.7. The above set B forms a basis for ^(E). 
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Proof. Let (S 1 x S 2 )ij denote S 1 x S 2 formed by gluing two solid tori whose cores 
are colored t l {ijj 2 ), and P (oj 2 ) where i,j £ {0, 1}. Let us look at the pairing 

{ H iii 2 ...i g > H hh...j g h = ^(- H i 1 i 2 ...i B ' i? iiA...j a )s 
= V2(f k=1 (S 1 xS 2 ) lk]k ) 2 

^V2 9 f[{(S 1 xS 2 ) lkJk ) 2 

k=l 

a 

= HdS 1 x S 2 ,f"(w 2 )uV»(w 2 )) 2 . 
fe=l 

With a natural order, the matrix of the form in terms of this set is given by (^) 9 B (B 
is defined in the proof of the previous theorem) . This implies that the determinant 
of this form is a unit. By a similar argument as in the proof of Theorem (15 .3|) . the 
module generated by this set is all of 6>2(£). D 

We define I 2 {M) = v / 2(M b ) 2 for a closed 3-manifold M where (M) 2 as defined 
in Equation l|5.1|l . Also we define the Frohman Kania-Bartoszynska ideal J 2 just 
as in the previous section. Now we can compute this ideal easily for all 3-manifolds 
using the 2-theory by making use of above results. For example, we confirm a result 
of Gilmer and prove it using our basis. 

Proposition 5.8. |G1I Prop. 15] Let Nl,L as defined in Definition \4-5\j . Also, 
let I be the linking number between K and J, and k is the framing of K . If I is odd 
then ^J 2 (Nl) = 2 . If I is even, then we have the following: 

{(V2), ifk = (mod 4); 
0, ifk = 2 (mod 4); 

2 , ifk = 1 or 3 (mod 4). 

Proof. From Theorem (|5.3f) . we know that J 2 (Nl) is generated by two elements. 
In fact, it is generated by I 2 (Mi) where Mj is the 3-manifold obtained by doing 
surgery along the component K and the component J with framing or 1 in S 3 . 
Now, we use the formula in BHMV2, Cor. 2.4] to compute the two generators of 
this ideal. The computations shows that (note that k 2 is a unit in 2 ) 

MN L ) = (^(i k+21 +i k + 2), l -{ l k + 2l + 2 +i + i k + l)), 

Now if we consider all the possibilities, we obtain the required result. □ 

Also, we compute this ideal for all 3-manifolds Nk that are obtained by doing 
surgery on a knot K in the complement of a tubular neighborhood of an eyeglass 
graph: - in S 3 . 

Proposition 5.9. Let l± and l 2 be the linking numbers of K with the first and the 
second loops in the eyeglass respectively, and k is the framing of K. Then we have 

!(%/2), ifh = l 2 = (mod 2) and k = (mod 4); 
0, ifh = h = (mod 2) and k = 2 (mod 4); 
02, if any ofl\, l 2 , k is odd. 
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Proof. Let m be the linking number between the loops. From Theorem (|5.7(l . we 
know J2{Nk) is generated by four elements. In fact, it is generated by l2(Mij) 
where Mjj is the 3-manifold obtained by doing surgery along the component K 
and the loops with framing i,j = or 1 in S 3 . As in the proof of the previous 
proposition, one sees 

J 2 (N K ) = (^=(3 + i k + l 2m + l k+2h + l k+2h + ik+2h+2l 2 +2m^ 

' (2 + i + i k + i 2m+1 + i k + 2l i _|_ -k+2l 2 + l _|_ ^fe+2ii+2i 2 +2m+l-j 



2V2 



1 (2 + i + i k + i 2m+1 + jfe+2'l + l _|_ jk+llz _|_ ■k+2l 1 +2l 2 +2m+l^ 



2V2 

— — (1 + 2i + i k + i 2m+2 + + l 1 ^fe+2i 2 +l 1 ■k+2l 1 +2l 2 +2m+2\\ 

2V2 

If we take all possibilities, we get the required result. □ 

6. Relating the t-th and 2r-TH Theories 

From now on, we assume that r is an odd prime and p = 2r. 

Remark 6.1. The results of this section are slight variations of results of BHMV3 
§.6] and [BHMV2I §.2]. The ring k p is not exactly the same as the ring denoted 
this way in BHMV3]. 

The ring k p will be considered as a &2 (or a fc r )-module via the homomorphisms 
defined below. The following is a slight variation of the maps defined in BHMV2 
§■2]. 

Lemma 6.2. There are well-defined ring homomorphisms i r : k 2 — » k p , j r : k r —> 

k p given by 

ir(,®-2) = Oip , ir(oir) = & p for t = 1 (mod 4), and 

j r (A r ) - Al +r2 for r = -1 (mod 4). 

We need the following remark to prove that these maps are well-defined. 

Remark 6.3. If a is a primitive n-th root of unity, then a m is a primitive — ^ — r- 
th root of unity. 

Proof. To prove that the map i r is a well-defined ring homomorphism, we show 
a p is a primitive 8-th root of unity. This is true, as gcd(8r,r 2 ) — r and a p is a 
primitive 8r-th root of unity. Similarly for j r but we consider two cases: 

(1) For r = 1 (mod 4), we have a p +r is a primitive 4r-th root of unity, as 
gcd(&r, 1 + r 2 ) = 2 and a p is a primitive 8r-th root of unity. 

(2) For r = — 1 (mod 4), we have A p +r2 is a primitive 2r-th root of unity, as 
gcd(4r 1 1 + r 2 ) = 2 and A p is a primitive 4r-th root of unity. 

□ 

Corollary 6.4. The quantum integers [i] p , 1 < i < d v are units in O p . 
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Proof. We know that the quantum integers [i] r for 1 < i < r — 1 are units in the 
O r see jGMWI Lem. 4.1 (iii)] and [MRl Lem. 3.1(h)]. So we conclude that [i] v are 
units for 1 < i < r — 1 = d p , as 

j r ([{\ r ) = (-iy{l] P , Wl<i<d p , 

since 

□ 

Given any k 2 (or fc r )-module, we can define a fc p -module by tensoring the orig- 
inal module with k p over k 2 (or k r ) respectively. We let V 2 (Yj) (or V r {Ti)) be the 
fc p — module obtained in this way. We give a relation between V\,V 2 ,V r , and V 2r 
for any surface S, but before that we need the following slight reformulation of 
(EHMY2 Thm.2.1]. 

Theorem 6.5. For any closed 3-manifold M with possibly a banded link sitting 
inside of it we have, 

(6.1) h{M)I 2r {M) = i r (I 2 (M)) Jr (I r (M)). 

Proof. Theorem (2.1) in |BHMV2| states the following: 



(6.2) 9i(M)6 2r (M) = i r (6 2 (M)) Jr (6 r (M)). 

Letting M — S 3 , we get 

as 6\ (S 3 ) = 1 . Now multiply both sides of equation (|6.2|) by T> 2r ^ 1 , and replace 
it by i r (2? 2 ~' 3l ' M ^)j r (£'r~ /3l ^ M ^) in the right hand side. Then the result follows from 
the relation between 9 and /. □ 

We let n n to be an element that plays the role of k 3 in BHMV3 . We define this 
element as follows: 

a 4n 2 , if n is an odd prime; 

6 "(" + !) 

-a 4n 2 , if n is twice an odd prime. 
Changing the weight by one multiplies the invariant ( )„ by K n . 
Lemma 6.6. For the above ring homomorphisms. We have 

Kp = i r (K 2 )jr{ K r) 

Proof. We have 

g Hr+l) 2 g r(r + l) 2 g 2r(2r+l) 

ir(K2)jr(Kr) = ir(a 2 )j r (a r 2 ) = a T p (a p 2 ) + ' = -Q>p 2 = Hp, 



„2 , , a Kr + l) w1 , „ 2 s_ c 2r(2r+l) 



as 

r 1 + (-6 - ' v ' ' ^' ){\ + r 2 ) = -6- - v " 2 ' ^ + 4r (mod 8r) 

□ 

We are now able to give the proof of a result used in §2. 
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Proof of Lemma \^\ The first case follows from GMffi| Lem. 4.1(ii)]. The second 
case follows from the following facts from the proof of Corollary Ij6.4(l and from 
Theorem (|6.5H . 

(1) V p = V 2r = ir(V 2 )jr(D r ), where T> 2 = 

(2) j r (A 2 r ) = -A\ r = -al. 

□ 

Theorem 6.7. There is a natural k p -isomorphism F : Vi(S) ® VJ>(£) — > V2(S) <8> 
(6.3) F([M]i <g> [M] p ) = [M} 2 <g> [M] r , 

where M is a 3-manifold with banded link (but not linear combination of links) 
sitting inside of it. 

Corollary 6.8. The map in the previous theorem defines a k p — isomorphism be- 
tween V p (£), and y 2 (S) ® V r (E). 

To prove this theorem, we use the following version of BHMV3, Lcmm. 6.4]. 

Lemma 6.9. Let V , W be free modules over an integral domain R (with involution) 
equipped with Hermitian sesquilinear forms ( , )y, ( , )w, and let F : V — > W be 
a form-preserving linear map. Let (V, ( , )v) be the quotient of V by the radical of 
( , )y- Suppose that ( , )w is non-degenerate. Suppose V and W are free of finite 
rank and ( , )v is unimodular and furthermore that r&nk(W) < rank(V). Then F 
induces an isometry ( , )v — * ( , )w ■ 

Proof of Theorem \6/I\ It follows from Theorem (|(j.5|) and Lemma 1|6.6[) that for- 
mula 16.3fl defines a form-preserving linear map. We know already that the form 
on V2(S) ® V r (E) is non-degenerate. Finally, we have two cases namely, 

• If r = 1, then F is just flipping the tensors. Hence, it is an isometry 

• If r > 3, then the result follows from the fact that rank(Vi(£) <S> V2 r (S)) = 
rank(V2(S) <X> V r (T,)), and the second part of the lemma. 

□ 

7. The second basis for SpiS 1 x S 1 ) 

We give new basis for S r (S 1 x S 1 ) that will be used in constructing another basis 
for SplS 1 x S 1 ). To do so, we need the following lemma. 

Lemma 7.1. // < i < j < then the twist coefficients satisfy /ff — fij ~ 

Mi Mj ' ~ 1 ' 

Proof. Notice that /Xj = +21 where q r denotes the primitive r-th root of unity 
given by —A r . 

Mi - A»i = (Mi + Mj)(Mi - Mj) = (9f +21 + ?f + ^)(Mi - Mj) ~ 

(i + _ M . } „ M . _ M . „ ! _ A 2 

We used the result of the fourth part of fGMWl Lem. (4.1)] in the last equality up 
to a unit. Also in the one next to last, we used the fact that 1 + q¥ is a 

unit by PvTRl Lem. (3.1)] as gcd(r, (j - i)(j + i + 2)) = 1. □ 
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Theorem 7.2. Let B 2r = {t 2l {ujr)\ < i < d r - 1}, and B 2r +i = {t 2l+1 {u r )\ < 
i < d r — 1}- Then B 2r and B 2 r+i form bases for S r (S 1 x 5 1 ). 

Proof. The proof of |GMWI Thm. 4.1] now goes through with /i| playing the role of 
Hi and i 2 - 7 playing the role of P . We use the previous lemma when appropriate to 
obtain that B 2r is a basis. To prove that B 2r +i is a basis, we use the fact that the 
twist map t is an isomorphism of the Kauffman skein module of the solid torus. □ 

Notation: We use the notation Si(S x x S 1 ) — Si(S 1 x S 1 ) ®fc 4 k p for i = 2 or r. 
Definition 7.3. Let 

fo, ifi+p= 2 or 3 (mod 4); 
I 1, if i + p = or 1 (mod 4). 



We defined J, so that the following two lemmas hold. 
Lemma 7.4. If i + dip = (mod 2), i/ien « + 5iP = (mod 4). 

Proof. We know that p = 2 (mod 4), now we have two cases to consider 

• If <5j = 0, then i + p = 2 (mod 4) as i and p are even. So we conclude 
i + Sip = i = (mod 4). 

• If Si — 1, then i + p = (mod 4) as i +p is even. So we conclude i + Sip = 
i + p = (mod 4). 



Lemma 7.5. If i + dip = 1 (mod 2), tten i + Sip = 1 (mod 4). 

A similar proof can be given for this lemma. The following theorem gives another 
basis for ^(S* 1 x S 1 ). 

Theorem 7.6. Let B p = {t t+s 'P(uj p ) | < % < d p - 1}. Then B p is a basis for 
SpiS 1 x S* 1 ). 

Proof. We have that Span 0p B p C ^(S 1 x S* 1 ), and F(l ® ^(S 1 x S 11 )) C ^(S* 1 x 
S 1 ) ® ^(S 1 x 5 1 ) where i 7, is the map defined in formula H6.3(l . It is enough now 
to show that F(l B p ) generates S 2 {S 1 x 5 1 ) ® S^S* 1 x S" 1 ) which implies that 
F(l ® ^(S* 1 x S* 1 )) C Span 0p F(l ® B p ), i.e ^(S 11 x 5 1 ) C Span 0p B p . Hence, we 
conclude that B p is a basis for S P (S 1 xS 1 ) from the fact that rank(5 p (S' 1 X5 1 )) = d p . 
To prove the claim, let us look at the image of B p under F. 



where i € {0, 1, . . . , d p — 1}. 

Let us consider first all the elements of B p with even number of twists, i.e i+Sip = 
(mod 2). By Lemma (|7.4|) . we get that i + Sip = (mod 4). Hence those elements 
get mapped to t 4m (uj 2 ) — ^2 f° r some m, as t 4 is the identity map in the 2-theory. 
Also they get mapped to t 2; >(iO r ) for some < j < d p — 1, as t p is the identity 
map in the S'0(3)-TQFT-theory and i is even. The later elements form the basis 
Bir defined in the previous theorem. In short, the above elements get mapped to 
u>2 <8> B 2r . 

Now we consider the elements of B p with odd number of twists, i.e i + Sip = 1 
(mod 2). By Lemma B7.5JI . we get that i + Sip = 1 (mod 4). Hence those elements 
get mapped to i 4m+1 (w 2 ) = t(uJ2) for some m, as t 4 is the identity map in the 



□ 



t i+SiP (u p ) -» t l+s ^{u 2 ) ® f +4iP (w r ) 
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2-theory. Also they get mapped to t 2j+1 (cij r ) for some < j < dp — 1, as t p is the 
identity map in the 50(3)-TQFT-theory and i is odd. The later elements form 
the basis Bi r +\ defined in the previous theorem. In short, the above elements get 
mapped to ui2 £3> ^2r +i- 

Hence the image of B p under F is a basis for 5a (S 1 x S 1 )® S r (S 1 xS 1 ), i.e 
generates it as required. □ 

Corollary 7.7. From the above proof, we conclude S P (S 1 x S 1 ) = ^(S 1 x S 1 )® 

iris 1 X S 1 ). 

We do not know if this holds for higher genus surfaces, but it is clear that 5 P (£) 
maps into £2(2) <H) 5 r (£) under the map F. 

Proposition 7.8. 

J P (N L ) = (I p (M i+5iP )\ 0<i<d p -l), 

where Mi is the 3-manifold obtained by doing surgery along the component K and 
the component J with framing i + Sip in S 3 . 

Finally, a good question would be: "Is there a relation between the Frohman 
Kania-Bartoszynska ideals in the SU(2)- and the S'0(3)-TQFT-theories?" An an- 
swer is given by the following theorem. 

Theorem 7.9. Let N be an oriented compact 3-manifold with boundary. Then we 
have 

Jp{N) C i r {J 2 (N))j r (J r (N)), 

where i r and j r are defined as in the previous section. Moreover, we have equality 
if N has a torus boundary. 

Proof. To prove the inclusion, we have ^(1 ® 6> p (£)) C 52 (S) <8> 5 r (S). So if 
[M] p G 5 P (S), then F(l ® [M] p ) = [M] 2 ® [M] r e 5 2 (S) ® 5 r (E). By Theorem 
(|6.5I) as Ii(M) = 1, we have 

I P (N U E —M) = i r {I 2 (N U E -M))j r (I r (N U S — M)) e i P {MN))j p {J r {N)). 

So we can conclude that J P {N) C i p {J2{N))j p (J r {N)). Now we prove the equality 
in the case of a torus boundary. Let Mi + s iP be the solid torus where its core colored 
t l+s ^(w). From the previous proposition, we have 

J P (N) = (I P (N U S i xS i M l+StP )\ 0<i<d p -l) 

= (ir(/2(JVU s i xfif i M i+d( p))i P (J r (JVU s i xfi ,i M i+5iP ))| < i < d p - 1) 
= i r (MN))j r (J r (N)). 

The last equality follows from the fact that F(l (g> S p ) is a basis for 52(S' 1 x S 1 ) ® 
5 r (5 1 x □ 
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